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Abstract
In this paper, we introduce the modiﬁed general iterative methods for ﬁnding a
common ﬁxed point of asymptotically nonexpansive semigroups, which is a unique
solution of some variational inequality. We prove the strong convergence theorems
of such iterative scheme in a real Banach space which has a uniformly Gâteaux
diﬀerentiable norm and admits the duality mapping jϕ and uniform normal structure.
The main result extends various results existing in the current literature.
1 Introduction
Let E be a normed linear space, K be a nonempty, closed and convex subset of E. Let T
be a self-mapping on K . Then T is said to be asymptotically nonexpansive if there exists a
sequence {kn} ⊂ [,∞) with limn→∞ kn =  such that
∥∥Tnx – Tny∥∥≤ kn‖x – y‖, for all x, y ∈ K and n≥ .
The class of asymptotically nonexpansive maps was introduced by Goebel and Kirk [] as
an important generalization of the class of nonexpansive maps (i.e., mapping T : K → K
such that ‖Tx – Ty‖ ≤ ‖x – y‖, ∀x, y ∈ K ).
A mapping T is said to be uniformly L-Lipschitzian, if there exists a constant L >  such
that
∥∥Tnx – Tny∥∥≤ L‖x – y‖, for all x, y ∈ K and n≥ .
It is clear that every asymptotically nonexpansive is uniformly L-Lipschitzian with a con-
stant L = supn≥ kn ≥ . We use F(T) to denote the set of ﬁxed points of T , that is,
F(T) = {x ∈ K : Tx = x}.
A self-mapping f : K → K is a contraction on K if there exists a constant α ∈ (, ) such
that
∥∥f (x) – f (y)∥∥≤ α‖x – y‖, for all x, y ∈ K . (.)
We use K to denote the collection of all contractions on K . That is,
K = {f : f is a contraction on K}.
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A family S = {T(s) :  ≤ s < ∞} of mappings of K into itself is called an asymptotically
nonexpansive semigroup on K if it satisﬁes the following conditions:
(i) T()x = x for all x ∈ K ;
(ii) T(s + t) = T(s)T(t) for all s, t ≥ ;
(iii) there exists a sequence {kn} ⊂ [,∞) with limn→∞ kn =  such that for all x, y ∈ K
‖Tn(t)x – Tn(t)y‖ ≤ kn‖x – y‖, ∀t ≥ , ∀n≥ ;
(iv) for all x ∈ K , the mapping t 
→ T(t)x is continuous.
An asymptotically nonexpansive semigroup S is called nonexpansive semigroup if kn = 
for all n≥ . We denote by F(S) the set of all common ﬁxed points of S , that is,







A gauge function ϕ is a continuous strictly increasing function ϕ : [,∞) → [,∞) such
that ϕ() =  and ϕ(t)→ ∞ as t → ∞. Let E∗ be the dual space of E. The duality mapping
Jϕ : E → E∗ associated to a gauge function ϕ is deﬁned by
Jϕ(x) =
{
f ∗ ∈ E∗ : 〈x, f ∗〉 = ‖x‖ϕ(‖x‖),∥∥f ∗∥∥ = ϕ(‖x‖)}, ∀x ∈ E.
In particular, the dualitymappingwith the gauge function ϕ(t) = t, denoted by J , is referred
to as the normalized duality mapping. Clearly, there holds the relation Jϕ(x) = ϕ(‖x‖)‖x‖ J(x) for




ϕ(τ )dτ , ∀t ≥ ,
then
Jϕ(x) = ∂
(‖x‖), ∀x ∈ E,
where ∂ denotes the subdiﬀerential in the sense of convex analysis. Furthermore,  is a
continuous convex and strictly increasing function on [,∞) (see []).
In a Banach space E having duality mapping Jϕ with a gauge function ϕ, an operator A
is said to be strongly positive [] if there exists a constant γ¯ >  with the property
〈
Ax, Jϕ(x)
〉≥ γ¯ ‖x‖ϕ(‖x‖) (.)
and
‖αI – βA‖ = sup
‖x‖≤
∣∣〈(αI – βA)x, Jϕ(x)〉∣∣, α ∈ [, ],β ∈ [–, ], (.)
where I is the identity mapping. If E :=H is a real Hilbert space, then the inequality (.)
reduces to
〈Ax,x〉 ≥ γ¯ ‖x‖ for all x ∈H . (.)
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Let u ∈ C. Then, for each t ∈ (, ) and for a nonexpansive map T , there exists a unique
point xt ∈ C satisfying the following condition:
xt = ( – t)Txt + tu,
since themappingGt(x) = (– t)Tx+ tu is a contraction.WhenH is aHilbert space andT is
a self-map, Browder [] showed that {xt} converges strongly to an element of F(T), which
is nearest to u as t → +. This result was extended to various more general Banach space
by Morales and Jung [], Takahashi and Ueda [], Reich [] and a host of other authors.
Many authors (see, e.g. [, ]) have also shown convergence of the path
xn = ( – αn)Tnxn + αnu
in Banach spaces for asymptotically nonexpansivemapping self-mapT under some condi-
tions on αn. In , motivated and inspired byMoudaﬁ [], Shahzad and Udomene []
introduced and studied the iterative procedures for the approximation of common ﬁxed
points of asymptotically nonexpansive mappings in a real Banach space with uniformly
Gâteaux diﬀerentiable norm and uniform normal structure.
Let S be a nonexpasive semigroup on K . In , Suzuki [] introduced, in Hilbert
space, the implicit iteration
un = ( – αn)T(tn)un + αnu, u ∈ K ,n≥ , (.)
where {αn} is a sequence in (, ), {tn} is a sequence of positive real numbers. Under certain
restrictions to the sequence {αn} and {tn}, Suzuki proved strong convergence of (.) to a
member of F(S) nearest to u. In , Xu [] extended Suzuki []’s result from Hilbert
space to a uniformly convex Banach space having a weakly continuous duality map jϕ with
gauge function ϕ. In , Chang et al. [] introduced the following implicit and explicit
schemes for an asymptotically nonexpansive semigroup:
yn = ( – αn)Tn(tn)yn + αnu, u ∈ K ,n≥ , (.)
and
xn+ = ( – βn)Tn(tn)xn + βnu, u ∈ K ,n≥ , (.)
where αn,βn ∈ (, ) and tn ∈ R+ in a real Banach space with uniformly Gâteaux diﬀer-
entiable norm and uniform normal structure. Suppose, in addition, that limn→∞ ‖xn –
T(t)xn‖ =  and limn→∞ ‖yn – T(t)yn‖ =  uniformly in t ∈ [,∞). Then the {xn} and {yn}
converge strongly to a point of F(S).
Very recently, motivated and inspired by Moudaﬁ [], Cholumjiak and Suantai []
studied the following implicit and explicit viscosity methods:
yn = αnf (yn) + ( – αn)T(tn)yn, n≥ , (.)
and
xn+ = αnf (xn) + ( – αn)T(tn)xn, n≥ . (.)
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They obtained the strong convergence theorems in the frame work of a real reﬂexive
strictly convex Banach space which has a uniformly Gâteaux diﬀerentiable norm and ad-
mits the duality mapping jϕ . For more related results, see [–].
A typical problem is to minimize a quadratic function over the set of the ﬁxed points of




 〈Ax,x〉 – 〈x,b〉, (.)
where C is the ﬁxed point set of a nonexpansive mapping T on H and b is a given point
inH . In , motivated and inspired byMarino and Xu [], Li et al. [] introduced the
following general iterative procedures for the approximation of common ﬁxed points of
a nonexpansive semigroup {T(s) : s≥ } on a nonempty, closed and convex subset K in a
Hilbert space:





T(s)yn ds, n≥ , (.)
and





T(s)xn ds, n≥ , (.)
where {αn} and {tn} are sequences in [, ] and (,∞), respectively, A is a strongly pos-
itive bounded linear operator on C and f is a contraction on C. And their convergence
theorems can be proved under some appropriate control conditions on parameter {αn}
and {tn}. Furthermore, by using these results, they obtained two mean ergodic theorems
for nonexpansive mappings in a Hilbert space. Many authors extended the Li et al. []’s
results in direction of algorithms and spaces (see [–]).
In this paper, inspired and motivated by Chang et al. [], Cholamjiak and Suantai [],
Li, Li and Su [], Wangkeeree and Wangkeeree [] and Wangkeeree et al. [], we in-
troduce the following iterative approximation methods (.) and (.) for the class of
strongly continuous semigroup of asymptotically nonexpansive mappings S = {T(s) : ≤
s <∞}:
yn = αnγ f (yn) + (I – αnA)Tn(tn)yn, n≥ , (.)
and
xn+ = βnγ f (xn) + (I – βnA)Tn(tn)xn, n≥ , (.)
where A is a strongly positive bounded linear operator on K and f is a contraction on K .
The strong convergence theorems of the iterative approximationmethods (.) and (.)
in a real Banach space which has a uniformly Gâteaux diﬀerentiable norm and admits the
duality mapping jϕ are studied. Moreover, we study the strong convergence results of the
following two iterative approximation methods (.) and (.):




+ (I – βnA)Tn(tn)wn, n≥ , (.)





βnγ f (zn) + (I – βnA)Tn(tn)zn
)
, n≥ . (.)
2 Preliminaries
Throughout this paper, let E be a real Banach space and E∗ be its dual space.Wewrite xn ⇀
x (respectively xn ⇀∗ x ) to indicate that the sequence {xn} weakly (respectively weak∗)
converges to x; as usual xn → x will symbolize strong convergence. A Banach space E is
said to uniformly convex if, for any  ∈ (, ], there exists δ >  such that, for any x, y ∈ U ,
‖x – y‖ ≥  implies ‖ x+y ‖ ≤  – δ. It is known that a uniformly convex Banach space is
reﬂexive and strictly convex (see also []). Let U = {x ∈ E : ‖x‖ = }. A Banach space E is
said to be smooth if the limit
lim
t→
‖x + ty‖ – ‖x‖
t
exists for all x, y ∈ U . In this case, the norm of E is said to be Gâteaux diﬀerentiable. The
space E is said to have a uniformly Gâteaux diﬀerentiable if for each y ∈ U , the limit at-
tained uniformly for x ∈ U . The space E is said to have a Fréchet diﬀerentiable if for each
x ∈ U , the limit attained uniformly for y ∈ U and uniformly Fréchet diﬀerentiable if, the
limit attained uniformly for x, y ∈ U . It is well known that (uniformly) Gâteaux diﬀeren-
tiable of the norm of E implies (uniformly) Fréchet diﬀerentiable.
The following Lemma can be found in [].
Lemma . [, Lemma .] Let E be a Banach space which has a uniformly Gâteaux
diﬀerentiable norm and admits the duality mapping Jϕ , then Jϕ is uniformly continuous
from the norm topology of E to the weak∗ topology of E∗ on each bounded subset of E.
The next lemma is an immediate consequence of the subdiﬀerential inequality can be
found in [].
Lemma . [] Assume that a Banach space E which admits a duality mapping Jϕ with
gauge ϕ. For all x, y ∈ E, the following inequality holds:

(‖x + y‖)≤ (‖x‖) + 〈y, jϕ(x + y)〉, jϕ(x + y) ∈ Jϕ(x + y).
Let K be a nonempty, bounded, closed and convex subset of a Banach space E. The
diameter of K be deﬁned by d(K) := sup{‖x–y‖ : x, y ∈ K}. For each x ∈ K , denote r(x,K) =
sup{‖x – y‖ : x, y ∈ K} and denote by r(K) := inf{r(x,K) : x ∈ K} the chebyshev radius of K
relative to itself. The normal structure coeﬃcient N(E) of E is deﬁned by
N(E) := inf
{d(K)
r(K) : K is a bounded, closed and convex of E with d(K) > 
}
.
A Banach space E is said to have uniform normal structure if N(E) > . It is known that
every Banach space with a uniform normal structure is reﬂexive. Every uniformly convex
and uniformly smooth Banach spaces have uniform normal structure.
The following existence theorem of an asymptotically nonexpansive mapping is useful
tools for our proof.
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Theorem . [, Theorem ] Suppose E is a Banach space with uniformly normal struc-
ture, K is a nonempty bounded subset of E, and T : K → K is a uniformly k-Lipschitzian
mapping with k <N(X)/. Suppose also there exists a nonempty, bounded, closed and con-
vex subset K∗ of K with the following property (P):
x ∈ K∗ implies ωw(x)⊂ K∗,
where ωw(x) is the weak ω-limit set if T at x, i.e., the set
{
y ∈ E : y = weak – lim
j→∞T
njx for some nj → ∞
}
.
Then T has a ﬁxed point in K∗.
In order to prove our main result, we need the following lemmas and deﬁnitions.
Let l∞ be the Banach space of all bounded real-valued sequences. Let LIM be a contin-
uous linear functional on l∞ satisfying ‖LIM‖ =  = LIM(). Then we know that LIM is
mean on N if and only if
inf{an : n ∈N} ≤ LIM(a)≤ sup{an : n ∈N}
for every a = (a,a, . . .) ∈ l∞. Occasionally, we shall use LIMn(an) instead of LIM(a).
A mean LIM on N is called a Banach limit if
LIMn(an) = LIMn(an+)
for every a = (a,a, . . .) ∈ l∞. Using the Hahn-Banach theorem, or the Tychonoﬀ ﬁxed-
point theorem, we can prove the existence of a Banach limit.We know that ifμ is a Banach
limit, then
lim inf
n→∞ an ≤ LIMn(an)≤ lim supn→∞ an
for every a = (a,a, . . .) ∈ l∞.
Subsequently, the following result was showed in [].
Proposition . [, Proposition .] Let K be a nonempty, closed and convex subset of
a real Banach space E which has a uniformly Gâteaux diﬀerentiable norm and admits
the duality mapping Jϕ . Suppose that {xn} is a bounded sequence of K and let LIMn be a
Banach limit and z ∈ E. Then
LIMn
(‖xn – z‖) = infy∈K LIMn
(‖xn – y‖),
if and only if
LIMn
〈
y – z, jϕ(xn – z)
〉≤ , ∀y ∈ K .
The next valuable lemma is proved for applying our main results.
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Lemma . [, Lemma .] Assume that a Banach space E which admits a duality map-
ping Jϕ with gauge ϕ. Let A be a strong positive linear bounded operator on E with coeﬃcient
γ¯ >  and  < ρ ≤ ϕ()‖A‖–. Then ‖I – ρA‖ ≤ ϕ()( – ργ¯ ).
In the following, we also need the following lemma that can be found in the existing
literature [].
Lemma . [, Lemma .] Let {an} be a sequence of nonnegative real number satisfying
the property
an+ ≤ ( – γn)an + γnβn, n≥ ,
where {γn} ⊆ (, ) and {βn} ⊆R such that∑∞n= γn =∞ and lim supn→∞ βn ≤ .Then {an}
converges to zero, as n→ ∞.
Lemma. [] Let C be a nonempty, closed and convex subset of a reﬂexive Banach space E
and f : C → (–∞,∞] a proper lower semicontinuous convex function such that f (xn)→ ∞
as ‖xn‖ → ∞. Then there exists x ∈D(f ) such that f (x) = infx∈C f (x).
3 Main theorem
Theorem. Let E be a real Banach spacewith uniformnormal structure which has a uni-
formly Gateaux diﬀerentiable norm and admits the duality mapping Jϕ , K be a nonempty,
bounded, closed and convex subset of E such that K ± K ⊂ K . Let S = {T(s) : s ≥ } be an
asymptotically nonexpansive semigroup on K with a sequence {kn} ⊂ [, +∞), limn→∞ kn =
 and supn≥ kn < N(E)/ such that F(S) = ∅. Let f ∈ K with coeﬃcient α ∈ (, ), A a
strongly positive bounded linear operator on K with coeﬃcient γ¯ >  and  < γ < ϕ()γ¯
α
and




< ϕ()γ¯ – γα, ∀n≥ , then there exists a sequence {yn} ⊂ E deﬁned by
yn = αnγ f (yn) + (I – αnA)Tn(tn)yn, n≥ . (.)
(ii) Suppose, in addition, limn→∞ ‖yn – T(t)yn‖ =  uniformly in t ∈ [,∞) and the real
sequence {αn} satisﬁes limn→∞ αn =  and limn→∞ kn–αn = .
Then {yn} converges strongly as n→ ∞ to a common ﬁxed point x˜ in F(S) which solves the
variational inequality:
〈
(A – γ f )x˜, Jϕ(x˜ – z)
〉≤ , ∀z ∈ F(S). (.)
Proof We ﬁrst show that the uniqueness of a solution of the variational inequality (.).
Suppose both x˜ ∈ F(S) and x∗ ∈ F(S) are solutions to (.), then
〈
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Adding (.) and (.), we obtain
〈




Noticing that for any x, y ∈ K ,
〈








f (x) – f (y), Jϕ(x – y)
〉
≥ γ¯ ‖x – y‖ϕ(‖x – y‖) – γ∥∥f (x) – f (y)∥∥∥∥Jϕ(x – y)∥∥
≥ γ¯ (‖x – y‖) – γα(‖x – y‖)
= (γ¯ – γα)
(‖x – y‖)
≥ (γ¯ ϕ() – γα)(‖x – y‖)≥ . (.)
Therefore, x˜ = x∗ and the uniqueness is proved. Below, we use x˜ to denote the unique
solution of (.). Since limn→∞ αn = , we may assume, without loss of generality, that
αn < ϕ()‖A‖–. For each integer n≥ , deﬁne a mapping Gn : K → K by
Gn(y) = αnγ f (y) + (I – αnA)Tn(tn)y, ∀y ∈ K .
We shall show that Gn is a contraction mapping. For any x, y ∈ K ,
∥∥Gn(x) –Gn(y)∥∥ = ∥∥αnγ f (x) + (I – αnA)Tn(tn)x – αnγ f (y) – (I – αnA)Tn(tn)yds∥∥
≤ ∥∥αnγ (f (x) – f (y))∥∥ + ∥∥(I – αnA)(Tn(tn)x – Tn(tn)y)∥∥
≤ αnγα‖x – y‖ + ϕ()( – αnγ¯ )kn‖x – y‖
=
(
αnγα + ϕ()( – αnγ¯ )kn
)‖x – y‖
≤ (kn – αnγα + ϕ()αnγ¯ kn)‖x – y‖
≤ (kn – αn(ϕ()γ¯ kn – γα))‖x – y‖.
Since  < kn–
αn
< ϕ()γ¯ – γα, we have
 < kn – 
αn
< ϕ()γ¯ – γα ≤ ϕ()γ¯ kn – γα.
It then follows that  < (kn – αn(ϕ()γ¯ kn – γα)) < . We have Gn is a contraction map with
coeﬃcient (kn –αn(ϕ()γ¯ kn – γα)). Then, for each n≥ , there exists a unique yn ∈ K such
that Gn(yn) = yn, that is,
yn = αnγ f (yn) + (I – αnA)Tn(tn)yn, n≥ .
Hence, (i) is proved.
(ii) Deﬁne μ : K →R by
μ(y) = LIMn
(‖yn – y‖), y ∈ K ,
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where LIMn is a Banach limit on l∞. Since μ is continuous and convex and g(z) → ∞ as
‖z‖ → ∞, and E is reﬂexive, by Lemma ., g attains its inﬁmum over E. Let u ∈ K be such
that
LIMn
(‖yn – u‖) = infy∈ELIMn








We have that K∗ is a nonempty, bounded, closed and convex subset of K and also has
the property (P), indeed, if x ∈ K∗ and w ∈ ωw(x), i.e. w = weak – limj→∞ Tmjx as j → ∞.
Notice that, limn→∞ ‖yn – T(t)yn‖ =  uniformly in t ∈ [,∞), by induction we can prove
that for allm≥ 
lim
n→∞
∥∥yn – Tm(t)yn∥∥ =  uniformly in t ∈ [,∞). (.)
From (.) and weakly lower semicontinuous of μ, and for each h≥ , we have that





























= μ(x) = inf
y∈K μ(y),
which implies that K∗ satisﬁes the property (P). By Theorem ., there exists a element
z ∈ K such that z ∈ F(S)∩K∗.
Since K ±K ⊂ K , we have z + γ f (z) –Az ∈ K . By Proposition .,
LIMn
〈





γ f (z) –Az, Jϕ(yn – z)
〉≤ . (.)
In fact, since (t) =
∫ t
 ϕ(τ )dτ , ∀t ≥ , and ϕ : [,∞) → [,∞) is a gauge function, then
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It follows from Lemma . that

(‖yn – z‖) = (∥∥(I – αnA)Tn(tn)yn – (I – αnA)z
+ αn
(
γ f (yn) – γ f (z) + γ f (z) –Az
)∥∥)
≤ (∥∥(I – αnA)Tn(tn)yn – (I – αnA)z + αnγ (f (yn) – f (z))∥∥)
+ αn
〈
γ f (z) –Az, Jϕ(yn – z)
〉
≤ (ϕ()( – αnγ¯ )∥∥Tn(tn)yn – Tn(tn)z∥∥ + αnγα‖yn – z‖)
+ αnγ
〈
f (z) – f (z), Jϕ(yn – z)
〉
≤ (ϕ()( – αnγ¯ )(kn)‖yn – z‖ + αnγα‖yn – z‖)
+ αn
〈
γ f (z) –Az, Jϕ(yn – z)
〉
≤ ([ϕ()( – αnγ¯ )(kn) + αnγα]‖yn – z‖) + αn〈γ f (z) –Az, Jϕ(yn – z)〉
≤ [ϕ()( – αnγ¯ )kn + αnγα](‖yn – z‖) + αn〈γ f (z) –Az, Jϕ(yn – z)〉.
This implies that

(‖yn – z‖)≤  – ϕ()( – αnγ¯ )kn + αnγααn
〈





(‖yn – z‖)≤ (ϕ()γ¯ – αγ ) – ( – αnγ¯ )dn
〈
γ f (z) –Az, Jϕ(yn – z)
〉
,
where dn = kn–αn . Thus
LIMn
(‖yn – z‖) ≤ LIMn
( 
(ϕ()γ¯ – αγ ) – ( – αnγ¯ )dn
〈






)LIMn(‖yn – z‖)≤ .
Since ϕ()γ¯ > γα, LIMn(‖yn – z‖) = , and then there exists a subsequence {ynj} of {yn}
such that ynj → z as j→ ∞, we shall denoted by {yj}.
Next, we prove that z solves the variational inequality (.). From (.), we have
























Tn(tn)x – Tn(tn)y, Jϕ(x – y)
〉
= ‖x – y‖ϕ(‖x – y‖) – 〈Tn(tn)x – Tn(tn)y, Jϕ(x – y)〉
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≥ (‖x – y‖) – kn‖x – y‖ϕ(‖x – y‖)
≥ (‖x – y‖) – kn(‖x – y‖)
= ( – kn)
(‖x – y‖).
For p ∈ F(S), we have
〈
























yn, Jϕ(yn – p)
〉
≤ kn – 
αn

(‖x – y‖) + 〈A(I – Tn(tn))yn, Jϕ(yn – p)〉
≤ kn – 
αn

(‖x – y‖) + ‖A‖∥∥yn – Tn(tn)yn∥∥M,
where M ≥ supn≥ ϕ(‖yn – p‖). Replacing yn with ynj and letting j → ∞, note that ‖yn –
Tn(tn)yn‖ →  and limn→∞ kn–αn = , we have that
〈
(A – γ f )z, Jϕ(z – p)
〉≤ , ∀p ∈ F(T).
That is, z ∈ F(S) is a solution of (.). Then z = x˜. In summary, we have that each cluster
point of {yn} converges strongly to x˜ as n→ ∞. This completes the proof. 
IfA≡ I , the identitymapping onK , and γ = , thenTheorem. reduces to the following
corollary.
Corollary . Let E be a real Banach space with uniform normal structure which has
a uniformly Gateaux diﬀerentiable norm and admits the duality mapping Jϕ , K be a
nonempty, bounded, closed and convex subset of E. Let S = {T(s) : s ≥ } be an asymp-
totically nonexpansive semigroup on K with a sequence {kn} ⊂ [, +∞), limn→∞ kn =  and
supn≥ kn < N(E)/ such that F(S) = ∅. Let f ∈ K with coeﬃcient α ∈ (, ) and let {αn}
and {tn} be sequences of real numbers such that  < αn < , tn > . Then the following hold:
(i) If kn–
αn
<  – α, ∀n≥ , then there exists a sequence {yn} ⊂ K
deﬁned by
yn = αnf (yn) + ( – αn)Tn(tn)yn, n≥ . (.)
(ii) Suppose, in addition, limn→∞ ‖yn – T(t)yn‖ =  uniformly in t ∈ [,∞) and the real
sequences {αn} satisﬁes limn→∞ αn =  and limn→∞ kn–αn = .
Then {yn} converges strongly as n→ ∞ to a common ﬁxed point x˜ in F(S) which solves the
variational inequality:
〈
(I – f )x˜, Jϕ(x˜ – z)
〉≤ , z ∈ F(S). (.)
If f ≡ u, the constant mapping on K , then Corollary . reduces to the following corol-
lary.
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Corollary . Let E be a real Banach space with uniform normal structure which has
a uniformly Gateaux diﬀerentiable norm and admits the duality mapping Jϕ , K be a
nonempty, bounded, closed and convex subset of E. Let S = {T(s) : s ≥ } be an asymp-
totically nonexpansive semigroup on K with a sequence {kn} ⊂ [, +∞), limn→∞ kn =  and
supn≥ kn <N(E)/ such that F(S) = ∅. Let {αn} and {tn} be sequences of real numbers such
that  < αn < , tn > . Then the following hold:
(i) If kn–
αn
< , ∀n≥ , then there exists a sequence {yn} ⊂ K deﬁned by
yn = αnu + ( – αn)Tn(tn)yn, n≥ . (.)
(ii) Suppose, in addition, limn→∞ ‖yn – T(t)yn‖ =  uniformly in t ∈ [,∞) and the real
sequences {αn} satisﬁes limn→∞ αn =  and limn→∞ kn–αn = .
Then {yn} converges strongly as n→ ∞ to a common ﬁxed point x˜ in F(S),which solves the
variational inequality:
〈
x˜ – u, Jϕ(x˜ – z)
〉≤ , z ∈ F(S). (.)
Next, we present the convergence theorem for the explicit scheme.
Theorem . Let E be a real Banach space with uniform normal structure, which has
a uniformly Gateaux diﬀerentiable norm and admits the duality mapping Jϕ , K be a
nonempty, bounded, closed and convex subset of E such that K ± K ⊂ K . Let S = {T(s) :
s≥ } be an asymptotically nonexpansive semigroup on K with a sequence {kn} ⊂ [, +∞),
limn→∞ kn =  and supn≥ kn < N(E)/ such that F(S) = ∅. Let f ∈ K with coeﬃcient
α ∈ (, ), A a strongly positive bounded linear operator on K with coeﬃcient γ¯ >  and
 < γ < ϕ()γ¯
α
. Let {βn} and {tn} be sequences of real numbers such that  < βn < , tn ≥ ,
(C) limn→∞ βn = ;




For any x ∈ K , let the sequences {xn} be deﬁned by
xn+ = βnγ f (xn) + (I – βnA)Tn(tn)xn ds, n≥ . (.)
Suppose, in addition, limn→∞ ‖xn –T(t)xn‖ =  uniformly in t ∈ [,∞).Then {xn} converge
strongly as n→ ∞ to the same point x˜ in F(S),which solves the variational inequality (.).
Proof ByTheorem ., there exists a unique solution x˜ in F(S) which solves the variational




γ f (x˜) –Ax˜, Jϕ(xn – x˜)
〉≤ . (.)
For allm≥ , n≥ , we have
ym – xn = αmγ f (ym) + (I – αmA)Tm(tm)ym – xn
= αm
(
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It follows from Lemma . that

(‖ym – xn‖) = (∥∥(I – αmA)Tm(tm)ym – (I – αmA)xn
+ αm
(
γ f (ym) – γ f (x˜) + γ f (x˜) –Ax˜ +Ax˜ –Axn
)∥∥)
≤ (∥∥(I – αmA)Tm(tm)xn – (I – αmA)xn
+ αmγ
(
f (xm) – f (x˜)
)
+Ax˜ –Axn
∥∥) + αn〈γ f (x˜) –A(x˜), Jϕ(yn – x˜)〉
≤ (ϕ()( – αnγ¯ )∥∥Tn(tn)xn – Tn(tn)x˜∥∥ + αnγα‖xn – x˜‖)
+ αnγ
〈
f (x˜) – f (x˜), Jϕ(yn – x˜)
〉
≤ (ϕ()( – αnγ¯ )kn‖xn – x˜‖ + αnγα‖xn – x˜‖)
+ αn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
≤ ([ϕ()( – αnγ¯ )kn + αnγα]‖xn – x˜‖)
+ αn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
≤ [ϕ()( – αnγ¯ )kn + αnγα](‖xn – x˜‖)
+ αn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
≤ [( – ϕ()αnγ¯ )(kn – ) +  – αn(ϕ()γ¯ – γα)](‖xn – x˜‖)
+ αn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
≤ ( – αn(ϕ()γ¯ – γα))(‖xn – x˜‖) + ( – ϕ()αnγ¯ )(kn – )M
+ αn
〈












































γ f (ym) –Aym, Jϕ(ym – xn)
〉
+
∥∥Tm(tm)ym – Tm(tm)xn∥∥ϕ(‖ym – xn‖)
+
∥∥Tm(tm)xn – xn∥∥ϕ(‖ym – xn‖) + αm∥∥Aym –ATm(tm)ym∥∥ϕ(‖ym – xn‖)
≤ αm
〈
γ f (ym) –Aym, Jϕ(ym – xn)
〉
+ km‖ym – xn‖ϕ
(‖ym – xn‖)
+
∥∥Tm(tm)xn – xn∥∥ϕ(‖ym – xn‖) + αm∥∥A(ym – Tm(tm)ym)∥∥ϕ(‖ym – xn‖).
Since K is bounded, so that {xn} and {ym} are all bounded, and hence
〈
γ f (ym) –Aym, Jϕ(xn – ym)
〉






∥∥A(ym – Tm(tm)ym)∥∥M, (.)
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where M is a constant satisfying M ≥ supn,m∈N ϕ(‖xn – ym‖). By our hypothesis,




∥∥xn – Tm(t)xn∥∥ = , uniformly in t ∈ [,∞).
Hence for allm≥ , we have
lim
n→∞
∥∥xn – Tm(tm)xn∥∥ = , as n→ ∞. (.)










M + lim sup
n→∞
∥∥A(ym – Tm(tm)ym)∥∥M. (.)
Since K is bounded, it follows from (C) that
∥∥ym – Tm(tm)yn∥∥ = αn∥∥γ f (ym) +ATm(tm)ym∥∥→  asm→ ∞. (.)






γ f (ym) –Aym, Jϕ(xn – ym)
〉≤ . (.)
On the other hand, since limm→∞ ym = x˜ due to the fact the duality mapping Jϕ is norm-
to-weak∗ uniformly continuous on bounded subset of E, it implies that
∣∣〈γ f (x˜) –Ax˜, Jϕ(xn – x˜)〉 – 〈γ f (ym) –Aym, Jϕ(xn – ym)〉∣∣
=
∣∣〈γ f (x˜) –Ax˜, Jϕ(xn – x˜) – Jϕ(xn – ym)〉 + 〈γ f (x˜) – γ f (ym) +Aym –Ax˜, Jϕ(xn – ym)〉∣∣
≤ ∣∣〈γ f (x˜) –Ax˜, Jϕ(xn – x˜) – Jϕ(xn – ym)〉∣∣
+
(∥∥γ f (x˜) – γ f (ym)∥∥ + ∥∥A(ym – x˜)∥∥)ϕ(‖xn – ym‖)→ , asm→ ∞.
Therefore, for any given ε > , there exists a positive number N such that for allm≥N
〈
γ f (x˜) –Ax˜, Jϕ(xn – x˜)
〉≤ 〈γ f (ym) –Aym, Jϕ(xn – ym)〉 + ε.
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γ f (x˜) –Ax˜, Jϕ(xn – x˜)
〉≤ . (.)
Finally, we show that xn → x˜ as n→ ∞.

(‖xn+ – x˜‖) = (∥∥(I – βnA)Tn(tn)xn – (I – βnA)x˜
+ βn
(
γ f (xn) – γ f (x˜) + γ f (x˜) –A(x˜)
)∥∥)
≤ (∥∥(I – βnA)Tn(tn)xn – (I – βnA)x˜ + βnγ (f (xn) – f (x˜))∥∥)
+ βn
〈
γ f (x˜) –A(x˜), Jϕ(yn – x˜)
〉
≤ (ϕ()( – βnγ¯ )∥∥Tn(tn)xn – Tn(tn)x˜∥∥ + βnγα‖xn – x˜‖)
+ βnγ
〈
f (x˜) – f (x˜), Jϕ(yn – x˜)
〉
≤ (ϕ()( – βnγ¯ )kn‖xn – x˜‖ + βnγα‖xn – x˜‖)
+ βn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
≤ ([ϕ()( – βnγ¯ )kn + βnγα]‖xn – x˜‖)
+ βn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
≤ [ϕ()( – βnγ¯ )kn + βnγα](‖xn – x˜‖)
+ βn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
≤ [( – ϕ()βnγ¯ )(kn – ) +  – βn(ϕ()γ¯ – γα)](‖xn – x˜‖)
+ βn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
≤ ( – βn(ϕ()γ¯ – γα))(‖xn – x˜‖) + ( – ϕ()βnγ¯ )(kn – )M′′
+ βn
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
, (.)












M′′ + (ϕ()γ¯ – γα)
〈
γ f (x˜) –A(x˜), Jϕ(xn – x˜)
〉
.
Then (.) is reduced to

(‖xn+ – x˜‖)≤ ( – sn)(‖xn – x˜‖) + snσn. (.)
Applying Lemma . to (.), we conclude that (‖xn+ – x˜‖) →  as n → ∞; that is,
xn → x˜ as n→ ∞. This completes the proof. 
Using Theorem ., we obtain the following two strong convergence theorems of new
iterative approximation methods for an asymptotically nonexpansive semigroup S .
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Theorem . Let E be a real Banach space with uniform normal structure, which has
a uniformly Gateaux diﬀerentiable norm and admits the duality mapping Jϕ , K be a
nonempty, bounded, closed and convex subset of E such that K ± K ⊂ K . Let S = {T(s) :
s≥ } be an asymptotically nonexpansive semigroup on K with a sequence {kn} ⊂ [, +∞),
limn→∞ kn =  and supn≥ kn < N(E)/ such that F(S) = ∅. Let f ∈ K with coeﬃcient
α ∈ (, ), A a strongly positive bounded linear operator on K with coeﬃcient γ¯ >  and
 < γ < ϕ()γ¯
α
. Let {βn} and {tn} be sequences of real numbers such that  < βn < , tn ≥ ,
(C) limn→∞ βn = ;




For any w ∈ K , let the sequence {wn} be deﬁned by




+ (I – βnA)Tn(tn)wn, n≥ . (.)
Then {wn} converges strongly as n → ∞ to a point x˜ in F(S) which solves the variational
inequality (.).
Proof Let {xn} be the sequence given by x = w and
xn+ = βnγ f (xn) + (I – βnA)Tn(tn)xn, ∀n≥ .
By Theorem ., xn → x˜. We claim that wn → x˜. We calculate the following:
‖xn+ –wn+‖ = βnγ
∥∥f (xn) – f (Tn(tn)wn)∥∥ + ‖I – βnA‖∥∥Tn(tn)xn – Tn(tn)wn∥∥
≤ βnγα
∥∥xn – Tn(tn)wn∥∥ + ϕ()( – βnγ¯ )(kn)‖xn –wn‖
≤ βnγα
∥∥xn – Tn(tn)x˜∥∥ + βnγα∥∥Tn(tn)x˜ – Tn(tn)wn∥∥
+ ϕ()( – βnγ¯ )(kn)‖xn –wn‖
≤ βnγα‖xn – x˜‖ + βnγαkn‖x˜ –wn‖
+ ϕ()( – βnγ¯ )(kn)‖xn –wn‖
≤ βnγα‖xn – x˜‖ + βnγα‖wn – xn‖ + βnγαkn‖x˜ – xn‖
+ ϕ()( – βnγ¯ )(kn)‖xn –wn‖
= ϕ()( – βnγ¯ )(kn)‖xn –wn‖ + βnγα‖wn – xn‖
+ βn(γα + kn)‖xn – x˜‖
=
(
ϕ()( – βnγ¯ )(kn) + βnγα
)‖xn –wn‖
+ βn(γα + kn)‖xn – x˜‖
≤ [( – ϕ()βnγ¯ )(kn – ) +  – βn(ϕ()γ¯ – γα)]‖xn –wn‖
+ βn(γα + kn)‖xn – x˜‖
≤ ( – βn(ϕ()γ¯ – γα))‖xn –wn‖ + ( – ϕ()βnγ¯ )(kn – )M
+ βn(γα + kn)‖xn – x˜‖,
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M + (γα + kn)(ϕ()γ¯ – γα)‖xn – x˜‖.
Then we have that
‖xn+ –wn+‖ ≤ ( – sn)‖xn –wn‖ + snσn. (.)
It follows from (C), limn→∞ ‖xn – x˜‖ =  and Lemma . that ‖xn –wn‖ →  as n → ∞;
that is, wn → x˜ as n→ ∞. 
Theorem. Let E be a real Banach spacewith uniformnormal structurewhich has a uni-
formly Gâteaux diﬀerentiable norm and admits the duality mapping Jϕ , K be a nonempty,
bounded, closed and convex subset of E such that K ± K ⊂ K . Let S = {T(s) : s ≥ } be an
asymptotically nonexpansive semigroup on K with a sequence {kn} ⊂ [, +∞), limn→∞ kn =
 and supn≥ kn < N(E)/ such that F(S) = ∅. Let f ∈ K with coeﬃcient α ∈ (, ), A a
strongly positive bounded linear operator on K with coeﬃcient γ¯ >  and  < γ < ϕ()γ¯
α
. Let
{βn} and {tn} be sequences of real numbers such that  < βn < , tn ≥ ,
(C) limn→∞ βn = ;




For any z ∈ K , let the sequence {zn} be deﬁned by
zn+ = Tn(tn)
(
βnγ f (zn) + (I – βnA)zn
)
, n≥ . (.)
Then {zn} converges strongly as n → ∞ to a point x˜ in F(S) which solves the variational
inequality (.).
Proof Deﬁne the sequences {wn} and {σn} by
wn = βnγ f (zn) + (I – βnA)zn and σn = βn+, n≥ .
We have that




+ (I – σnA)Tn(tn)wn.
It follows from Theorem . that {wn} converges strongly to x˜. Thus, we have
‖zn – x˜‖ ≤ ‖zn –wn‖ + ‖wn – x˜‖ = βn
∥∥γ f (zn) –Azn∥∥ + ‖wn – x˜‖
≤ βnM + ‖wn – x˜‖ →  as n→ ∞,
where M >  such that M ≥ supn≥ ‖γ f (zn) – Azn‖. Hence, {zn} converges strongly to x˜.

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IfA≡ I , the identitymapping on E, and γ = , thenTheorem. reduces to the following
corollary.
Corollary . Let E be a real Banach space with uniform normal structure which has
a uniformly Gâteaux diﬀerentiable norm and admits the duality mapping Jϕ , K be a
nonempty, bounded, closed and convex subset of E. Let S = {T(s) : s ≥ } be an asymp-
totically nonexpansive semigroup on K with a sequence {kn} ⊂ [, +∞), limn→∞ kn =  and
supn≥ kn < N(E)/ such that F(S) = ∅. Let f ∈ K with coeﬃcient α ∈ (, ). Let {βn} and
{tn} be sequences of real numbers such that  < βn < , tn ≥ ,
(C) limn→∞ βn = ;




For any x ∈ K , let the sequence {xn} be deﬁned by
xn+ = βnf (xn) + ( – βn)Tn(tn)xn ds, n≥ . (.)
Suppose, in addition, limn→∞ ‖xn–T(t)xn‖ =  uniformly in t ∈ [,∞).Then {xn} converges
strongly as n→ ∞ to a point x˜ in F(S), which solves the variational inequality (.).
If f ≡ u, then Corollary . reduces to the following corollary.
Corollary . Let E be a real Banach space with uniform normal structure which has
a uniformly Gateaux diﬀerentiable norm and admits the duality mapping Jϕ , K be a
nonempty, bounded, closed and convex subset of E such that K ± K ⊂ K . Let S = {T(s) :
s≥ } be an asymptotically nonexpansive semigroup on K with a sequence {kn} ⊂ [, +∞),
limn→∞ kn =  and supn≥ kn < N(E)/ such that F(S) = ∅. Let f ∈ K with coeﬃcient
α ∈ (, ). Let {βn} and {tn} be sequences of real numbers such that  < βn < , tn ≥ ,
(C) limn→∞ βn = ;




For any x ∈ K , let the sequence {xn} be deﬁned by
xn+ = βnu + ( – βn)Tn(tn)xn ds, n≥ . (.)
Suppose, in addition, limn→∞ ‖xn–T(t)xn‖ =  uniformly in t ∈ [,∞).Then {xn} converges
strongly as n→ ∞ to a point x˜ in F(S) which solves the variational inequality (.).
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